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Refresher in distributions theory

Reminder : A distribution T on an open subset Ω of Rd is a linear continuous form on D(Ω). This
means that T ∈ D′(Ω) if it is a linear application from D(Ω) to R such that one of the two following
equivalent properties holds : (i) If (ϕn)n∈N ⊂ D(Ω) is such that there exists a compact subset K of Ω
with suppϕn ⊂ K for all n, and ϕn and all its (partial) derivatives converges uniformly to 0 on K,
then 〈T,ϕn〉 → 0 as n → ∞. (ii) For all compact subset K of Ω, there exists CK ,αK such that for
all ϕ ∈ D(Ω) with support included in K,

|〈T,ϕ〉| ≤ CK sup
|α|≤αK

∂(α)ϕ

∞ .

Exercise 1 Are the following applications from D(Rn)(n = 1 or 2) to R distributions?

a. T : ϕ → |ϕ(0)|,

b. T : ϕ →


R2

xyϕ
′′
(


x2 + y2)dxdy,

c. T : ϕ →


R
|x|αϕ(x)dx, with α ∈ R such that α > −1,

d. T : ϕ →


R
ln |x|ϕ(x)dx.

Exercise 2 • Show that the application δ0 : ϕ ∈ D(R) → ϕ(0), defines a distribution. We call it
the Dirac mass at 0.

• Compute the derivatives of δ0.
Now, our aim is to show that the Dirac distribution δ0 is not regular, i.e., that there is no g ∈

L1
loc(R) such that :



R
g(x)ϕ(x)dx = ϕ(0), ∀ϕ ∈ D(R).

Let us consider the sequence of functions (ϕn(x))n defined by :

ϕn(x) =


e
1− 1

1−(nx)2 if |x| < 1
n
,

0 otherwise.

• Show that ϕn ∈ D(R).
• Deduce the claimed result.
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Exercise 3 (First order differential equation) Let T ∈ D′(R) and a ∈ R. The aim of this exercise
is to solve the differential equation

T ′ − aT = δ

where δ is the Dirac distribution.

1. Prove that T ′ = 0 if and only if T = K where K is a regular distribution associated to a
(almost everywhere) constant function.
For that, we will use that if ϕ0 ∈ D(R) such that


R ϕ0(x)dx = 1 then

∀ ϕ ∈ D(R), ∃! ψ ∈ D(R), ∃! c ∈ R, ϕ = ψ′ + cϕ0.

2. Solve the differential equation T ′ − aT = 0.

3. Solve the differential equation T ′ − aT = δ.

Exercise 4 (Partial derivatives and Green formula) Let u(x, y) = ln


1√

x2+y2


and r =


x2 + y2.

We denote by Br the open ball centered in 0 with radius r and Ω = B1 \ B̄. We aim at computing
△u in D′(B1).

1. Compute △u(x, y) for (x, y) ∕= 0.

2. For ϕ ∈ D(B1), we set

Iε =



Ωε

u△ϕ dxdy.

Compute I.

3. Compute lim→0 I. Deduce the expression of △u in D′(B1).

Exercise 5 (Heat Kernel) 1. Let f ∈ L1 (R), and set, for ε > 0, fε(x) = ε−1f(x/ε). Determine
limε→0 fε in the sense of distributions.

2. Let u(t, x) = 1
(4πt)1/2

exp


−x2

4t


. Show that u solves the heat equation ∂tu(t, x) = ∂xxu(t, x),

for t ∈] 0,+∞ [, x ∈ R .

3. Determine the distributional limits : limt→0 u(t, x) and limt→0 ∂tu(t, x). Deduce the PDE sa-
tisfied by v in D′

(R+ × R), where v(t, x) = u(t, x)H(t).
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