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1. Introduction

This paper is concerned with limits as p — oo for Finsler p-Laplacian equations coupled with a Dirichlet
boundary condition
—div (F* (2, Vu,)P"10: F* (2, Vuy)) = f in 2
up =g on 012,

(1.1)

where F* is a Finsler metric, f is a positive continuous function on 2 and 9¢F*(z,.) is the subdifferential
with respect to the second variable, which will be recalled in Section 2. It is well-known that these are the
corresponding Euler—Lagrange equations of the following convex variational problems

F* p
min {/(x’vu)dm—/ufdx: u:gonaﬂ}.
wewWlr(2) Lo D Q

When F*(x,&) = |¢| is the Euclidean norm (independent of x), the Egs. (1.1) become the standard p-
Laplacian problems. The study of limits of p-Laplacian type problems as p — oo has recently received a lot of
attention and is closely connected with many relevant topics such as the Monge—Kantorovich transportation
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problem (see, for instance [2,18,26,29]), the sandpile problem [3,5,17], the mass optimization problem [9],
the absolutely minimizing Lipschitz extensions, the infinity-harmonic functions and the Tug of War games
(see, for instance [4,8,11,12,20] and the references therein).

As in Bhattacharya—DiBenedetto-Manfredi [7], when f > 0, F*(z,£) = |£| and g = 0, the sequence of
solutions u, is shown to be uniformly convergent to us = d(z,d2) (see also [22]). More recently, Buccheri-
Leonori-Rossi [10] proposed two proofs showing the convergence of the gradients Vu, to the gradient of
limit function Vue, strongly in L™(£2), 1 < m < oo as p — oo. The two proofs need special properties of
the Euclidean norm: the first proof follows ideas given in [7] using the intrinsic characterization of norms
induced by inner products called “parallelogram law”, while the second one exploits an explicit expression
of the subdifferential in terms of &, that is 9|¢| = é—l

Unfortunately, as for the general case of Finsler metric F*, the main difficulty is the lack of such a
parallelogram law as well as an explicit expression of the subdifferential 0z F*(x, €).

As far as general Finsler metrics F* are concerned, it is known that u, converges uniformly to u, on 2
as p — oo and the sequence of gradients {Vu,}, is uniformly bounded in L™ ({2) for any 1 < m < oo for
large p (by a constant independent from p). Therefore, one can obtain the weak convergence of the gradients
Vuy, to Vue, in L™(£2) as p — oo (see e.g. Section 3 below, also [16,21]). However, up to our knowledge,
the strong convergence of Vu,, as p — oo is still missing in the general Finslerian setting.

The main goal of the present paper is to derive the strong convergence of Vu, in L™(2), for any
1 <m < oo, in the general Finslerian setting. This study confirms that the strong convergence of gradients
Vu, still holds true, provided that f > 0 on {2 and F™* satisfies some geometric condition. More precisely, we
will assume that F*(z,.) is strictly convex on its unit sphere for almost-everywhere x in {2 (see Section 2 for
precise statements and examples). Under these conditions, we will show that the limit function u is actually
the unique viscosity solution to the stationary Hamilton—Jacobi equation of eikonal type F*(x, Vus (z)) = 1,
coupled with the Dirichlet boundary condition us = g on 0f2. Moreover, the whole sequence {Vu,} is
shown to be convergent to Vus, almost-everywhere in 2 as p — oo. After that, by making use of Clarkson’s
inequality and the reverse Fatou lemma, we obtain that Vu, converges to Vus, strongly in the Lebesgue
spaces L™({2) as p — oo for any 1 < m < oo. In other words, the whole sequence {u,} converges to the
limit function us, strongly in the Sobolev spaces W™ (£2) for any 1 < m < oo.

The paper is organized as follows. In the next section, we will present some preliminaries on Finsler metrics
and assumptions. The weak convergence of the gradients Vu,, is discussed in detail in Section 3. Section 4 is
devoted to the limit variational problem and an expression of the limit function u., when the source function
f is positive. We also interpret the limit function in terms of viscosity solutions to an appropriate Hamilton—
Jacobi equation of first order. Finally, in Section 5, we prove the strong convergence of the gradients Vu,
to Vuee in L™(£2) as p — oo for any 1 < m < oo, and therefore the whole sequence {u,} converges to the
limit function us, strongly in the Sobolev spaces W™ (§2) for any 1 < m < oo.

2. Preliminaries and assumption

Let £2 be an open, connected, bounded Lipschitz domain of RY. A Finsler metric is a continuous function
F: 2 xRN — [0, +00) such that F(z,.) is sub-additive and positively 1-homogeneous with respect to the
second variable, that is,

o Fz,6+ &) < F(z,6) + F(2,6) Vo€ 2,6,6 eRY;
o F(z,t8) =tF(z,&) V(x,8) € 2 xRN and t > 0.

It is not difficult to see that the above two properties imply that F(z,.) is convex.
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In this work, the Finsler metric F' is assumed to be non-degenerate, that is, there exist two positive
constants K7, Ky such that

K1 |€| < F(z,€) < Ky|€| for all z € 2,€ € RV, (2.2)

Its polar function F*, which is also a non-degenerate Finsler metric, is defined by

(g, )
F*(z,q)= sup (¢,;§) = sup (g,§) =sup .
(€ F(z.£)<1} (€ F(z,6)=1} 0 F(2,€)

The subdifferential with respect to the second variable of F*(z,.) is denoted by ¢ F*(x,.), by definition,
CE€OeF*(1,&1) & F*(x,&) > F*(x,6) + ((,& — &) V& e RV,

The Finsler distance associated with F', denoted by dp, is given by

dp(y) = inf [ FOo(s)i(s)ds.

where the infimum is taken over all Lipschitz curves n joining z to y within £ and 7(0) = z,7(1) = y.

Concerning the Dirichlet boundary condition, the function g needs to have some compatibility, that is
g(y) — g(x) < dp(x,y) for all 2,y on AS2. By extension if necessary, we assume moreover that g € W°(£2)
and g(y) — g(z) < dp(z,y) for all z,y in 2.

In order to improve from the weak to strong convergence of the gradients, we will make use of the following
assumption concerning the geometry of Finsler metric F* (and, of course, F).
(A): F*(x,.) is strictly convex on its unit sphere in the sense that for any ¢i,¢e satisfying F*(z,q1) =
1, F*(z,q2) = 1 then

@1 # q,t €(0,1) = F*(x,(1 —t)q1 + tg2) < 1.

It is worth noting that the aforementioned property is related to the strict convexity of Banach spaces.
As a sufficient condition, the assumption (A) holds if F(z,.) € CY(RY \ {0}), the set of continuously
differentiable functions in RV \ {0} (see e.g. [6, page 184]). As a typical example, the assumption (A) happens
when F(z,€) = k(x)[|€]l, = k(z) (7 + -+ ffv)% for 1 < p < oo and any positive continuous function k on
2. In this case, we can check at once that F*(z,v) = ﬁHva/ with the Holder conjugate p’ = z%'

3. Limit as p — oo: weak convergence

For p > N, we consider the following variational problem

* P
min {}'p(u) ::/ mdx—/ ufdr: u=gon 89}.
o Q

ueWLp(Q) p

Observe that the constraint set W) P(£2) := {u € W'P(£2) : u = g on 92} is a closed, convex, non-empty
subset of the Sobolev space W1P(£2). The objective functional F, is coercive, strictly convex and lower
semicontinuous on ng’p (£2). Therefore, following the standard variational arguments, the cost functional
Fp admits a unique minimizer in ngvp(.Q), which satisfies the Finsler p-Laplacian equation (1.1). Moreover,
the sequence of solutions {u,} is known to be bounded in the Sobolev spaces W™ (§2) for any 1 < m < oo,
independently from p. So, one can obtain the weak convergence of the gradients Vu, to Vus, in L™ (2) as
p — oo (see, for example, [16,21]). Here we present the weak convergence for completeness.

Proposition 3.1.  Let u, be a minimizer of F, on ng’p(Q), Then, up to a subsequence, up = Uso
uniformly on 2 and Vu, — Vue, weakly in L™(2) for any 1 < m < oo as p — oo. Moreover one has
F*(x,Vux(z)) <1 a.e. in 0.
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Proof. Thanks to Theorem 2.E in [27], there is a Morrey-type inequality independent of p > N + 1, that
is,

lull oo (2) < CallVulpp(o) for all u e WyP(2),p> N +1, (3.3)
where the constant Cy; does not depend on p and u. Apply (3.3) to the function u, — g € Wol’p(Q), we get

[up = gllLee(2) < CollVup = Ve
and hence
[uplloe(2) < CollVupl|Lr(a) + Ci. (3.4)
On the other hand, since u,, is a minimizer and g € W, ?(£2), F*(x, Vg(x)) < 1, we have

F* p 02
/deg/upfdx+u_/gfdx
Q p Q p 7]

12|
< MlupllLe@) I fllr ) + I ngdff

< Col|Vupllrey + €3 (by (3.4)),
where the constants C; do not depend on p. It follows from the non-degeneracy (2.2) of the Finsler metric
F that
[F* (@, Vup) |75y < Cap(1 + | F*(z, Vup) | Le(2))-
It follows that )
|1 F* (2, Vup) || r(2) < (Cs5p) 7T (3.5)
Let N < m < p. By the non-degeneracy again and the Morrey-Sobolev embedding theorem (see [1]), (3.5)
yields
[up() = up(y)] < Colw — g~/
Thanks to Ascoli-Arzela’s theorem, up to a subsequence, u, = s, uniformly on {2 as p — oo and

[tioo () — oo (y)] < Colaz — |~

Letting m — oo, we deduce that u., € WH°(£2).

We are now in a position to show that F*(x, Vus(2)) < 1 a.e. in 2. Observe that u, — ue weakly in
Whm (), that is, u, — us strongly in L™(£2) and Vu, — Vus, weakly in L™(f2) as p — oo. Now, fix
any & € C.(£2), £ > 0. It follows from the convexity of F*(z,.), the weak convergence of {Vu,, Holder’s
inequality and (3.5) that

/F*(x,Vuoo)fdxz/ F*(2,6Vus )dx
Q Q
Sliminf/ F*(z,6Vup)de
0

p—>—+oo

:liminf/ F*(z, Vup)éde
Q

p——+oo

< lim inf (||g||Lp/(m||F*(x, Vup)IIme))

<1plmmf(|m 16l o | 0 P v

< 1215 el g

where m’ = o p = ﬁ are the Holder conjugates of m and p. This implies that

I1E™ (2, Voo )| m 2y < [£2] 7

Finally, the proof is completed by letting m — co. [

4
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4. The limit problem
4.1. The limit variational problem

In this subsection we characterize the limit problem as well as some properties of its solution, which will
be useful later. Let us consider the following variational problem

max {/ ufdr: F*(z,Vu(z)) <lae.in {2, u=gon 8()} . (4.6)
ueWhoo(0) N

Proposition 4.2. The limit function us is an optimal solution to the limit problem (4.6).

Proof. Following Proposition 3.1, we get that F™*(z, Vus(x)) < 1 a.e. in 2 as well as us = ¢g on 042. In
other words, the limit function u., satisfies the constraints of (4.6). Now for any v € W;"’O(Q) satisfying
F*(z,Vv(z)) <1 a.e. in 2, we get

—/Q up fdx < Fpup) < Fp(v) < |§| - /Qvfda:.

Letting p — oo to get [, uso fdz > [, vfda, which shows the optimality of the limit function ., and the
proof is complete. [

Proposition 4.3.  Assume that f > 0. Then the limit problem (4.6) has a unique optimal solution given by
u(z) = mingepo {dr(y, ) + g(y)}. In particular vy = .

A function u is called 1-Lipschitz with respect to dr on §2 (also, 1 —dp Lipschitz) if u(y) —u(z) < dr(x,y)
for all z,y in £2. Such a 1 — dp Lipschitz function w is completely characterized via their gradient by the
condition F*(x, Vu(x)) <1 a.e. in 2. We give here a proof for completeness.

Lemma 4.4. A function u is 1-Lipschitz with respect to dg if and only if

F*(z,Vu(x)) <1 a.e. in 0.

Proof. We divide the proof into two parts. First, assume that w is 1-Lipschitz with respect to dp. Then u
is differentiable a.e. in £2. Let = € £ be any point at which u is differentiable. We have, for any v € RV,

(Vu(z),v) lim u(z + hv) — u(x)
F(z,v)  h>0 F(x,hv)
. dp(z,z + hv)
<limsup —————
h—0 lF(xa hv)
Jy F(x + thv, hv)dt
< lim sup 22 =
a h~>0p F(Z‘, I’LU)
Hence, by definition, F*(x, Vu(z)) < 1. Conversely, suppose that F*(z, Vu(z)) < 1 a.e. in 2. Case 1: If u
is smooth then F*(z, Vu(z)) <1 Vo € £2. For any x,y in £2 and any Lipschitz curve 7 in £ joining x to ,

we have

u(y) —u(z) = [ Vu(n(t))i(t)dt
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It follows that u(y) — u(z) < dp(z,y) for all ,y in 2. Case 2: In general case, for any continuous function
u satisfying F*(z, Vu(z)) <1 a.e. x € {2, there exists a sequence of compactly supported smooth functions
ue such that F*(z, Vuc(z)) < 1 Vo € 2 and u. = u uniformly on 2 (see [25, Lemma 3.1]). According to
Case 1 above, u.(y) — uc(x) < dp(z,y) for all z,y in 2. Passing to the limit we recover the same property
for w, which completes the proof. O

Proof of Proposition 4.3. It is not difficult to see that u is 1-Lipschitz with respect to the Finsler distance
dr. Indeed, for any x,z € 2, there exists y € 92 such that u(z) = dr(y,r) + g(y). Then

U(z) —u(r) < dr(y,z) + g(y) — dr(y,v) — g(y) < dr(z, 2).

This implies that F*(z, Vu(z)) < 1 a.e. in 2 by Lemma 4.4. On the other hand, it is clear that w(z) < g(x)
for all x on 92. Let us show the converse. Since the compatibility g(z) — g(y) < dp(y,z), we get g(x) <
dr(y,x) + g(y) for all y € 92 and therefore g < @ on 9f2. So w is admissible for the problem (4.6). We are
now in a position to show that = is optimal and unique. Let ¥ be an optimal solution. We will show that
7 =7. For any = € 2, y € 02, we have that

v(x) —g(y) =v(z) —v(y) < dr(y, ).

Hence, 9(z) < dp(y,z) + g(y) for all y € 9 and therefore v(z) < u(x) for all z € 2. Suppose, contrary
to our claim, that ¥(x¢) < u(wg) for some zg € 2. By the continuity of f, v,u and f > 0 in §2, there
exists a neighborhood U of zg in 2 such that v(z) < u(z) and f(z) > 0 for all z in U. It follows that
JoUf < [, uf, which is a contradiction with the optimality of 7. As a consequence, we obtain that the limit
function uee = = mingecpo dr(y, z) + g(y). O

4.2. Interpretation in terms of viscosity solutions

Let us recall briefly the notion of viscosity solutions and its construction via Perron’s method. The
viscosity solution concept was introduced in the early 1980s by Crandall and Lions [15] as a generalization of
the classical solution to PDEs. Subsequently the definition and properties of viscosity solutions for Hamilton—
Jacobi equations were refined in a joint work by Crandall, Evans and Lions [13]. In addition, an excellent
reference for second-order equations might be the user’s guide written by Crandall, Ishii, and Lions [14].

Let us consider a continuous Hamiltonian H: 2 x RV — R satisfying the following assumptions, for any
v, Z(x)={¢ RN : H(z,&) <0}

(H1) coercivity: Z(x) is compact;

(H2) quasiconvexity: Z(z) is convex;

(H3) H(z,0) <0, that is 0 € intZ(x).

We are interested in the following quasiconvex Hamilton—Jacobi equation of first order

H(z,Vu) =0, z € (2. (4.7)

For clarity, we recall below two equivalent definitions of viscosity solutions via touching functions and
generalized differentials, following the presentation of a recent monograph [28].

Definition 4.5 (Viscosity Solutions via Touching Functions). e A continuous function u: 2 — R is said to
be a viscosity subsolution of (4.7) if H(z,Vé(x)) < 0 for any x € 2 and any C* function ¢ such that u — ¢
has a strict local maximum at .

e A continuous function u: f2 — R is said to be a viscosity supersolution of (4.7) if H(x, V¢(z)) > 0 for
any = € 2 and any C! function ¢ such that u — ¢ has a strict local minimum at x.

6
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e A function w is a viscosity solution of (4.7) if it is simultaneously a viscosity subsolution and a viscosity
supersolution.

It is known that the viscosity solution concept can be also defined via generalized differentials. For any

x € (2, the sets
D™ u(z) = {p € RY : lim inf uly) = ulw) = ply = z) > 0}

y—z ly — 2|

Dtu(z) = {p € RY : lim sup uly) = u(x) —ply = 7) < O}

y—z ly — x|

are called the (Frechét) subdifferential and superdifferential of u at x, respectively.

Definition 4.6 (An Equivalent Definition of Viscosity Solutions via Generalized Differentials). @ A contin-
uous function w is a viscosity subsolution of (4.7) if H(z,p) < 0 for every xz € 2,p € D u(z).

e A continuous function w is a viscosity supersolution of (4.7) if H(x,p) > 0 for every x € 2,p € D™ u(x).
e We say that w is a viscosity solution if it is both a viscosity subsolution and a viscosity supersolution.

For x € (2, let us define the support function of the 0-sublevel set Z(x) by

o(x,q) =supq-Z(x) =sup{q-&| £ € Z(x)} for g RY. (4.8)

The assumptions (H1)—(H3) ensure that o is a non-degenerate Finsler metric. Denote by I'(z,y) the set of
all Lipschitz continuous curves ¢ defined on [0,1] joining x to y in £ and ¢((0) = x,¢(1) = y. One then
defines the intrinsic distance by

1

dofevy) = _int [ ol cona,
cer(z,y) Jo

which turns out to be a distance, but not necessarily symmetric. That is, d,(x,y) > 0 for any z,y € 2;

dy(2,y) = 0 if and only if y = 2. In addition, for all ,y,z € 2 one has d,(x,y) < dy(x,2) + do(2,y). We

summarize below a basic character of viscosity subsolutions in terms of the intrinsic distance d,.

Proposition 4.7 ([19,23)).

e u is a viscosity subsolution if and only if u(y) — u(z) < d,(z,y) for any x,y € 2.

o Given g satisfying the compatibility condition g(y)—g(z) < dy(x,y) for x,y in 2, then the unique viscosity
solution u* to the Hamilton—Jacobi equation H(x,Vu(x)) = 0 in £2, coupled with a Dirichlet boundary
condition uw = g on 012, is expressed by

u* = max {u: u s a viscosity subsolution and u =g on 2} .

Coming back to our concrete situation, let us set H(z,§) = F*(x,£) — 1. Then the Hamiltionian H
satisfies all the assumptions (H1)—(H3). Moreover, the support function o defined in (4.8) is exactly the
initial Finsler metric F'.

Proposition 4.8. The limit function ue is a viscosity solution of the Hamilton—Jacobi equation F*(x,Vu) =
1 and therefore, in particular

F*(z,Vus(z)) =1 a.e. in £2.

Proof. Since g satisfies the compatibility condition g(y) — g(z) < dp(x,y) for all z,y in 2, the unique
viscosity solution u* to the stationary Hamilton—Jacobi equation H(x, Vu(z)) = F*(z,Vu(z)) —1=01in
7
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{2 and u = g on 0{2, is given by
u* = max {u : u is a viscosity subsolution and u = g on 92}
=max{u: u(y) —u(z) <dp(z,y) for all z,y in 2 and u = g on IN}

= argmax (4.6) = teo. O
5. Limit as p — oo: strong convergence

In this section we will show an improvement on the weak in order to obtain the strong convergence of the
gradients Vu, in the general Finslerian setting.

Theorem 5.9. Assume that F*(x,.) satisfies the condition (A) about the strict convexity on its unit sphere
for a.e. x in 2 and f > 0 in 2. Let u, be a solution of (1.1). Then the whole sequence {u,} converges to us
strongly in W™ (£2) as p — oo for all 1 < m < oo.

In order to clarify the proof of Theorem 5.9 in the general case, we will make use of the following technical
lemma.

Lemma 5.10. Suppose that F*(xo, .) satisfies the condition (A) about the strict convexity on its unit sphere.

If
F*(xg,b) = F*(x¢,a) >0
(o OeF*(xg,b) — 0cF*(x9,a),b—a) =0 for some a > 0

then
85F*($0, b) n 8§F*(1‘0, Cl) 75 @
and

b=a.

Proof. First, let us show that J¢F*(xzo,b) N O¢F*(xg,a) # (0. Suppose, contrary to our claim, that
OeF*(z0,b) N 0cF*(x0,a) = 0. Let 2o € 0¢F*(x,b). We get that zo ¢ J¢F*(x9,a) and hence (thanks to
Euler’s Homogeneous Function Theorem, see [24, p. 173-174])

(22,a) < F*(x9,a) = F*(x9,b) = (22,b). (5.9)
In the same way, for any z; € 9¢F*(xo,a), we get
(21,a) > (21,0). (5.10)

From (5.9) and (5.10), we get

(29,b—a) >0
(z1,b—a) < 0.

It follows that, for any o > 0,
afz2,b—a) > (z1,b—a)

or equivalently,
(azg — 21,b—a) > 0,

which is a contradiction. This proves the first assertion of the lemma.
Now, let z € 0¢F*(x0,b) N O¢ F*(xg,a). We get z € 0:F*(x0,0) and
(z,b) = F*(x0,b) and (z,a) = F*(xg, a).
8
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Since F*(z9,b) = F*(zo,a) = | > 0, we obtain that (z,%—%) = 0. For any t € (0,1), consider
vi=(1—1t)% +t5. It is clear that
t
<z,v—%> = Z(z,b—a)z().

It follows that, by z € 0¢F™*(x0,0) if necessary,

F*(zg,a)

>:T:1’

1> F*(xg,v) > (z,v) = (z,%

which implies F*(zg,v) = 1. Since F*(xo, .) satisfies the assumption (A), we deduce that b =a. O

Proof of Theorem 5.9. We divide the proof into two main steps. Firstly, let us show that the whole
sequence Vu,, converges to Vus, almost-everywhere in §2 as p — oo. Indeed, take u, — s € VVO1 P(02) as
test functions in (1.1), we get

| @ T 0 0, Vuy), Ty — ) = [ Flay ).
2 2

Therefore, by the fact that u, = us uniformly, V(u, — tes) — 0 weakly and F*(z, Vuo(2)) =1 a.e. in £2,
we get that

/Q<F*(a:, V)P 0 F* (2, Viuy) — F* (2, Voo )P 10 F* (2, Voo ), V(tp — tog))
= /Q flup — too) — /Q<8§F*(x, Vi), V(up —us)) =+ 0 as p — oo.
Let us consider the integrand
gp = (F* (2, Vup)P 10 F* (z, Vup) — F* (2, Viueo )P 0 F* (2, Voo ), V(Up — Usg)).

Observe that g, > 0 (by the convexity of F*(z,{)P with respect to the second variable &) and thus g,
converges to 0 strongly in L(£2). Then, up to a subsequence, g, converges to 0 almost-everywhere in 2. Let

us set
Z ={z € Q: F*(z,Vux(z)) = 1}m{aﬁ e :plggogp = O}
ﬂ {z € £2: F*(x,.) satisfies the assumption (A)}.
It is clear that |Z| = |£2| (the Lebesgue measure of sets). We are now in a position to show that Vu,(z¢) —

Ve (o) for any zg € Z. Let us fix any xo € Z. Denote Vuy,(z) = &,. By Euler’s Homogeneous Function
Theorem (see [24, p. 173-174]), we get (O F™*(20,&p), &p) = F*(20,&p) and

9p(@0)
= F*(20,&)" — (F* (w0, &)P ™ 0 F* (20, &), Voo (20)) — (¢ F™ (w0, Vo), & — Vo).
Since gp(zo) — 0, F*(z0,&p) is bounded and so is §,. Up to a subsequence, &, — &. Let us show that

F*(zg,&) = 1. If F*(x,&) > 1, then F*(z0,&,) > 1 for large p and therefore g,(x¢) — oo, a contradiction.
If F*(x0,€) <1, then as p — oo

9p(w0) = — (O F™ (20, Voo (10)), § = Viioo (20))
= (0 F" (20, Voo (20)), §) + F* (0, Vi (20))
> F* (20, Voo (x0)) — F*(20,&) > 0,

which is again a contradiction.
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So we have shown that Vuy(z9) — & and F*(x¢, &) = 1. Since g,(z9) — 0, we obtain
(@0 F*(x0,&) — 0 F* (20, Voo (20)), § — Vs (20)) =0

for some a > 0. Following Lemma 5.10, we conclude that § = Vus(z9). By the uniqueness of the limit
(see Proposition 4.3), we deduce that the whole sequence Vu, converges to Vus, almost-everywhere in {2
as p — 00.

Secondly, the task is now to show the strong convergence of Vu, to Vus in L™({2) as p — oo for any
1 < m < oo. Due to Hoélder’s inequality, it is enough to check for the case m > 2. As a consequence of
Clarkson’s inequality, we get

/ [V, — Ve |™ < gm—1 </ |V, ™ +/ |Vuoo|m> .
(9 (7 (7

By using (3.5), the non-degeneracy of F* and Holder’s inequality, we get that {Vu,} is bounded in L™ (2)
independent of p for any p > m, which implies that | o |V, — Vg | is bounded by a constant independent
of p. It follows from the reverse Fatou lemma that

lim sup/ |V, — Vueo|™ < / lim sup |Vu, — Vue|™ =0,
Q Q

p—o0 p—o0

where the last equality is due to the above almost-everywhere convergence.
Consequently, Vu, converges to Vue, strongly in L™(§2) as p — oo. It follows that the whole sequence
u, converges to us strongly in Whm(£2) as p — oo for any 1 < m < oo, and the proof is complete. [
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