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1. Introduction

A Macroscopic model for a congested pedestrian flow involves treating the crowd
as a whole and is applicable for large crowds. It was first introduced in Ref. 4
and developed in Refs. 24, 25. In these models, the crowd behaves similarly to
a moving fluid in a spatio-temporal dynamic governed by a flow velocity vector
field U. Thus the master equation of each macroscopic crowd flows model is the
continuity equation:

Op+div(pU) =0, (1.1)

where p = p(t,x) the density of the individuals, at time ¢ > 0 and at the position
r € RY (N = 2), needs to accurate some admissible global distribution of the
population. Although there is much speculation, discussion, and experience to define
appropriate choice of flow velocity vector field U, there is no definitive universal
choice to describe crowed motion in general. The main difficulties lies in the fact that
while maintaining a suitable dynamic esteeming the admissible global distribution p,
U needs to manage both, the overall behavior of the crowd (for example of reaching
an objective like an exit, point of interest, avoidance of danger, etc.) and certain
local behavior of pedestrians (pedestrian in a hurry, pedestrian who adapts their
speed, pedestrian who avoids the crowd, pedestrian attracted by the crowd, etc).

Inspired by traffic flow models, many crowd motion models were developed essen-
tially in one-dimensional space (c.f. Refs. 10, 24, 25). In higher dimensions, Bellomo
et al., ® and Dogbe'® proposed coupling the continuity equation with

U + (U -V)U = F(p,U),

where the motion is governed by F', which has two parts: a relaxation term towards
a definite speed, and a repulsive term to take into account that pedestrians tend
to avoid high-density areas. A barrier method was proposed by Degond'* wherein
the motion F' depends on a pressure that blows up when the density approaches a
given congestion density. Piccoli and Tosin proposed another class of models in the
framework of a time-evolving measure in Refs. 36, 37. In their model the pedestrian’s
velocity is composed of two terms: a desired velocity and an interaction velocity.

Roger Hughes proposed a completely different approach to describing pedestrian
dynamics in Ref. 26, where a group of people wants to leave a domain with one or
more exits/doors as quickly as possible. His main idea was to include some kind of
saturation effects in the vector field. He considered U = U|[p] driven by the gradient
of a potential ® and weighted by a nonlinear mobility f = f(p). More precisely

U=f(p)*V® and |V®| =1/f(p),

where mobility includes saturation effects, i.e., degenerate behavior when approach-
ing a given maximum density pmq. (assumed to be known); for instance one can
take f(p) = (p — Pmaz)? among others. See also Ref. 11 and Ref. 27 for further
details.
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To handle the local behaviors of pedestrians, we go here with second order
PDE for crowed motion to perform congestion phenomena which may appear when
considering a velocity field U looking out solely to the exists (doors). The main
idea is to incorporate, within U, a vector field V' with an overview looking out to
the exit and some kind of patch W, a vector filed with a local view looking out
to the allowable neighbor positions taking into account the local distribution of
pedestrians. To come out with U through this perspective, we process by splitting
the dynamic into two instantaneous phases: a first one, known as the prediction
phase, where the pedestrians move along the given vector filed V, the so called
spontaneous velocity field, and a second phase, the correction, which generates a
patch W that enables the pedestrian to move along allowable local paths to avoid
congestion and maintain admissible global distribution of the pedestrians. A typical
example of this point of view is the constrained diffusion-transport equation as
demonstrated in the pioneering work by B. Maury et al., 3? through a predicting-
correcting algorithm using a gradient flow in the Wasserstein space of probability
measures. In this paper, we use a new manner to handle this perspective. In contrast
with 32 where the author straighten up the density using some kind of projection
in Wo—Wasserstein space in the correction phase, our approach is based on a new
version of minimum flow problem. The approach is flexible and makes it possible
to integrate several scenarios to deal with congestion. The reader can consult the
paper?® for a general introduction and overview of the approach. In particular it
allows to retrieve and compute otherwise the typical model of B. Maury and al.,
where the patch W = W{p] is traced strictly in the so called congested/saturated
regions as follow

Wlp] = —=Vp, with p > 0 and p(p — 1) = 0. (1.2)

Here p = 1 workouts the utmost distribution of the population in €. Therefore, via
this approach, the proposed system reads

dp

ot +div(p (V—-Vp)) =0

(1.3)
p>0,0<p<1,plp—1)=0.

Equation p(p — 1) = 0 with the assumptions p > 0 and 0 < p < 1, implies that
in the uncongested area, i.e.,the zone [0 < p < 1], the parameter p = 0, and
consequently the term —div(p Vp) is inactive. In this case, the evolution of density
is governed only by the continuity equation. However, in the saturated zone [p = 1],
the condition p(p — 1) = 0 implies that p is possibly strictly positive in such a way
that congestion can be activated by operator —div(p Vp).

Furthermore, the approach enables to build a new model based on granular
dynamic like in sandpile, presuming that individuals behave like grains in the con-
gested zones. In some sense, at the microscopic level, the individuals travel by
accruing randomly to the crowed, being placed either upon a heretofore unoccupied
position in the direction of the exit or else upon the top of the stack of the crowd.
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Moreover, the local movement of the individuals may be weighted by a given func-
tion k connected to the speed of the spontaneous local movement. In this case, we
prove that the patch is given by

Wlp] = —m Vp (1.4)
with unknowns m and p satisfying
m 20, p =0, |Vp| <k, p(p—1) and m ([Vp| — k) = 0. (1.5)

Here m > 0 is Lagrange multiplayer associated with the additional constraint |Vp| <
k. The approach enables also to handle and integrate different boundary conditions.
Neumann boundary condition is connected to the crossing boundary amount, and
Dirichlet is connected to the possibility of crossing some parts of the boundary with
different charges.

After all, via this approach, we introduce the new model of granular type :

% +div(p (V —mVp)) =0

0<p<1,p>0, |Vp <k (1.6)

p(p—1) =0, m(|Vp| — k) =0,

subject to mixed boundary conditions (not necessary homogeneous), to describe a
crowd motion where the movement of the agent is of granular type like in sandpile.
In this paper, we propose its numerical study based on a new manner to handle the
predicting-correcting algorithm to build the patch W. Over and above the transport
equation (1.1), we proceed using as well a new version of minimum flow problem
for optimal assignation as a step in the process to find the right assignment of the
pedestrian. Roughly speaking, in the correction step we put together tow nested
optimization procedures: a computation of a minimum flow with gainful assignment
towards a specific part of the boundary (towards the exit) for arbitrary target, and
then a coming up with the right target among all admissible ones. We show how one
can retrieve and compute otherwise the typical model of B.Maury et al., > that we
call up above. Then, we focus on the new model based on granular dynamics-like
for sandpile.

The theoretical study of (1.6) is a challenging problem, especially existence and
uniqueness questions, that we’ll treat likely in forthcoming works. Recall that, the
case where the PDE is of diffusive type like in (1.3), the model is very employed
to describe the behavior of population subject to global behavior governed by a
vector field V' and a local one governed by the patch Wp] (c.f. Refs. 32, 33, 34, 35
and the references therein). The uniqueness of a solution is a hard issue for these
kind of problems that was treated recently by the second author in Ref. 30 (see also
Refs. 15, 13).



November 3, 2023 21:33 WSPC/INSTRUCTION FILE cm Final

Prediction-Correction Pedestrian Flow by Means of Minimum Flow Problem 5

Organization of the paper.

This paper is organized as follows. In Section-2 we present our model, we give the
details of each of its steps and we discuss two peculiar related PDEs to this model as
well as some duality results on which our algorithm reposes. In Section-3, we show
how to discretize the model. Since the approximation of the continuity equation
is more or less classical, the novelty will be the use of a primal-dual method to
solve the Beckmann-like problem. More particularly, this is given in Algorithm-3.
In Section-4 we given several examples to illustrate our approach and we compare
with some related works. Finally, we recall some tools and give some technical proofs
in the Appendix.

2. The model

We consider an exit scenario, where Q@ C RY (N = 2) is a bounded open set with
regular boundary 92 = I'y UT'p. The set Q represents the region where the crowd
is moving, Iy represents the (impenetrable) walls and I'p the exits/doors.

2.1. Minimum flow problem

The key idea concerning the minimum flow problem goes back to Beckmann.? It
consists in finding the optimal traffic flow field ® between the two distributions
given by p; and po. That is to find the vector field @ which satisfies the divergence
equation

—div(®) = py — pp in Q, (2.1)

and minimize a total cost of the traffic [ F(z, ®(z))dz, where F : QxRN — RT is
a given function assumed to be at least continuous and convex with respect to the
second variable. The equation (2.1) needs to be understood in the sense of D’(2). In
particular, the equation assigns a fixed normal trace to ® on 02 which is connected
to the formal values of p1 — pg on 99.

Here, we use a new variant to handle the pedestrian flow and carried out the
patch W for the spontaneous velocity field when the pedestrian is hindered by the
other one. Indeed, we work with a modified traffic cost which handles some kind of
gainful assignment towards a specific part of the boundary I' . More precisely, we
consider the following momentum cost of the traffic

M(®) ;:/QF(I,@(I))d%/ g(a) @ - v da,

I'p
where ® - v denotes the normal trace of ® and g patterns a given gainful charge
for the assignment towards I'p. Of course, for the optimization problem we have in
mind we need to keep unrestricted the normal trace of ® on I' . Thus, the balance
equation (2.1) turns into

—div(®) = py — pp in D'(Q\ T'p). (2.2)
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See here, that the normal trace of @ is left free on I'p and assigned to be equal to
(1 — pe) LTy on T'y. For instance, working with p; and pse supported in Q, we
keep unrestricted the normal trace of ® on I'p but assigned it to 0 on 'y .

This being said, we consider the transportation cost associated with given den-
sities p1 and ps to be

infg { Jo Fz, @(@)dz — [ g(z) @ -vdr : —div(®) = p1 — p2 in D/(Q\FD)}.
(2.3)
Actually, for any arbitrary distributions pq and ug, the optimization problem (2.3)
aims to minimize both the transportation between p1 and o, in €2 and towards I'p,
by means of the cost function F' in €2, and the transportation towards the boundary
I'p paying the gainful charge g(z) for each target position « € I'p. Moreover, the
new formulation enables to handle as well a provided incoming (or outgoing) flux
on the remaining part I'y.
Notice here, that one needs to be careful with the notion of trace of ® on the
boundary since it is not well defined for all ®. However, for the quadratic case;
i.e., F(z,®) = 1|®|?, one can work in

Hypy = {<I> € LX) : div(d) e LQ(Q)}7

to define rigorously ® - v on I'p. Indeed, let vy : H'(2) — L?(T) be the linear and
continuous mapping satisfying vo(u) = u|r for all u € C (€2), where T = 0). Then,
defining H'/2(T") = ~o(H'(Q)) and H~/?(T) its dual, there exists a continuous
trace operator 7, : Hai(Q) — H~Y/2(T) such that 7, (®) = & - v for any & €
D(Q)N. Thanks to Gauss’s Theorem, we have

(Y (®),v0(w) g-1/2 g1z = / <I>~Vudac+/ udiv(®)dz for all u € H*(Q), ® € Hyiy (Q).
Q Q
To simplify the presentation, we denote ® - v := ~,,(®), and moreover

/1" g(x) ¢ -vdr:= <7V(¢)7§>H*1/2,H1/2’

for a given for g € Hl/Q(F), such that g = gxr,. Yet, one needs to assume that
such g exists (see the assumptions in Section 2.3).

Before ending this section, let us recall that a similar problem to (2.3) appears
in Ref. 20 in the study of Hamilton-Jacobi equation (see also Refs. 22 and 21).
It appears also on a different form in the study of some Sobolev regularity for
degenerate elliptic PDEs in Ref. 40. The approach used in Ref. 40 may be written
here as follows

infg , {fQ F(z,®(x)) dz — [i.g(z) v(z)de : —div(®) = pu — p2 in D'(Q\Tp)

and<I>~V:U0nFD}.
(2.4)
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In this paper, we’ll use directly formulation of the type (2.3). At last, we notice
that in general, the infimum may be reached for singular ® (like for homogeneous
F which will be studied in the next section). This may be related to the question
of regularity of the transport density in mass transportation (see for instance the
recent paper'® and the references therein about this kind of questions).

2.2. The algorithm

The main idea of prediction-correction algorithm is to split the dynamic into instan-
taneous successive processes : prediction then correction. The prediction step aims
beforehand to move the population through a spontaneous velocity field. For this
to happen, we use simply the transport equation (1.1) with U = V| where V derives
from a potential governed by fast exit access trajectories. Afterward, as though the
output of the prediction may be not feasible, we propose to catch up the upright
deployment by applying the minimum flow assignment process (2.3) to the output
of the prediction step; that we denote for the moment by p and which should be
a priori an L* function. Moreover, assuming that the dynamic is subject to some
supply of population through incoming issues included in I'y, we propose to take

i =pLQ+ LTy,

where 7 precisely designates the incoming supply through I'y. In this case, the
constraint — div(®) = p; — p in D'(2\ I'p) is equivalent to say

—div(®)=p—p inD'(Q) and ®-v=7n only.

The correction step we propose to construct p requires to solve precisely the follow-
ing optimization problem

infg, {fQ Fz,®(x)dz — [,_g(z)® vde : 0< p< 1, —div(d) = 5 — p in D'(€2)

and@-u:nonFN}.
(2.5)
The right space for each terms in (2.5) will be given in the following section.
See that the output of the correction step provides as well the correction associated
with p and the suitable flow for the adjustment of the dynamic. We will see in the
following section how the optimal flux ® enables to carry out the patch W for the
spontaneous velocity field when this is necessary.

So, the algorithm may be written as follows : we consider T' > 0 a given time
horizon. For a given time step 7 > 0, we consider a uniform partition of [0, 7] given
by tp = k7, k =0,...,n— 1. Supposing that we know the density of the population
pr at a given step k, starting by pg. Then, we superimpose successively the following
two steps :
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e Prediction: In this predictive step, the density of population trends to
grow up into

Pryr = Pty 1),
where p is the solution of the transport equation
Op+div(pV) =0 in [ti,tyy1l; (2.6)

with p(tx) = pi. Here, V is spontaneous velocity field given by the geodesics
toward the exit. To buils its corresponding potential ¢, we propose to solve
the eikonal equation

IVell=f ing,
(2.7)
p=0 on I'p,

where f is a given positive continuous function. Then, the spontaneous ve-
locity field V' is given by V := —V¢. One sees here that the solution of
(2.7) (in the sense of viscosity) gives the speedy path to the exit I'p. The
potential ¢ corresponds to the expected travel time to maneuver towards
an exit. In particular, ¢ is proportional to f which may template space
movement of traffic . As we will see, we can upgrade the spontaneous veloc-
ity field by taking f depending on the density on real time (like in Hugue’s
model).

e Correction: In general it is not expected that p 1 to be an allowable
density of pedestrian, since this value may evolve outside the interval [0, 1].
We propose then to proceed by the minimum flow process we introduced
above to find the right apportionment of the pedestrian. That is to find
Prk+1 using the optimization problem (2.5). More precisely, we propose to
consider pg41 given by the following optimization problem

arg min,, infg {fQ F(o,®(x))dz — [, g(z) @ -vdz : pe L*(Q),0<p<1,

® e L ()N, —7 div(®) = pry1/2 — p in D'(Q) and ® - v =7 on FN},
(2.8)
where 1 < s < oo is chosen with respect to the assumptions on F' and 7. To
simplify the presentation, we assume that the supply through 9 is null ;
ie.n=0.

2.3. Related PDE

The application F :  x RNV — [0,00) is assumed firstly to be continuous. As a
primer practical case, one can consider the quadratic case, i.e.,

F(x7§)=%|§\2, for any = € Q and £ € RV,
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More sophisticated situations arise by considering non-homogeneous F' that weights
the cost according to space variables; like for instance

F(z,¢) = clx) |€]°,  for any 2 € Q and & € RV, (2.9)

s
with 1 < s < oo. In particular, with the parameter ¢ one can scale the cost by
focusing on and/or avoiding certain regions in space. A formal computation using
duality & la Fenchel-Rockafellar (see e.g., Ref. 19) implies that the infimum in (2.5)

should coincide with

1 ’ ’ 7
inf{ [rr@ a5 [ @ 19 do— [ o) o) de  pe W (@), p=g on rD}7
P
(2.10)
where s’ is the conjugate index of s, i.e.,it satisfies % + 5 = 1. Moreover, p and
(p, @) are solutions of both problems respectively, if and only if (p, p, ®) is a solution
of the following PDE

p—1 div(®) =p
in €,
p € SignT(p), @ =c'" |Vp]*2Vp
(2.11)
d.v=0 on I'y,
p=yg onI'p,

where Sign™ is the maximal monotone graph given by

1 for r >0
Sign™(r) = { [0,1] forr=0 forr € R.
0 for r <0

In other words, p € Sign™ (p) is equivalent to says that 0 < p < 1 and p(1 — p) =0
in €. In this paper, we focus on the case where s = 1. For the treatment of the other
cases, one can see Ref. 28 for more details. In particular, one sees that the quadratic
case is closely connected to the system (1.3) which was proposed by B. Maury et
al., 32 in the framework of gradient flows in the Wasserstein space of probability
measures. As to the case (2.9), dynamical model which comes off following our
approach is given by some kind of non linear s’—Laplace equation

8 ’ ’
a{ Fdivip(V—W)) =0, W=c|Vp|*2Vp
in (0,00) x Q (2.12)

p>0,0<p<1,plp—1)=0
subject to non-homogeneous boundary conditions

®-v=0 on (0,00) x Ty,
(2.13)
p=g on (0,00) x I'p.
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Notice that we use in (2.12), the fact that Vp = p Vp, which is connected to
p € Sign™ (p).

As we said above, we focus here on the case where

F(z,&) = k(z) €], for any (z,&) € Q x RY, (2.14)

where 0 < k € C(€2). This case is closely connected to granular dynamic like sandpile
(see Ref. 17 and the references therein). In other words the individuals behaves like
grains of sand (see Refs. 23 and also 29 for a stochastic microscopic description of
the granular dynamic) in the congestion zone and not like a fluid as follows from
the quadratic case. A peculiar choice may be the same function f as in (2.7). In
other words, we may assume that the correction is taken respect to the geodesic
leading to I'p.

Remark 2.1. Working with F'(z, ®) = |®| is closely connected to gradient flow in
the Wasserstein space of probability measures equipped with W;. The link may be
established at least formally by using the results of Ref. 1.

To treat the problem (2.5), we assume that the boundary data g is such that
(H1): the exists § € W1°°(Q), such that vo(g) =0 on I'y
Vi(z) € G(z) = {g eRY . [¢| < k(x)}, ae. in Q. (2.15)
and
g=g onlp, (2.16)
Then, for any p € L*(Q2), we define
F(u) = {q) e LN : —div(®)=pinQand ®-v =0 on FN}.

Remind here, that — div(®) = p in Q and ® - v = 0 on I'y needs to be understood
in the sense that

/ O .Védr = / w&dx, for any € € W;DS/ (), (2.17)
Q Q
where WES(Q) denote the set of W1#(Q) functions with null trace on I'p.

To come up with the right continuous (with respect to time) evolution problem
associated with our algorithm, we are interested into the interpretation, in terms of
PDE, of the solution of the problem

N(p) = glf{f/ﬂk(:c) |<I>(x)|dx—7-/

g®-vdx : 7P F(p—p) andpE/Cl},
P T'o

(2.18)
where 0 < p € L*(Q) is fixed and K is the set of admissible densities:

Ki={peL>*() : 0<p<1ae. in Q}.
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See that, all the terms in N(p) are well defined. Indeed, since ® € L*(Q)" and
V-® € L*(Q), the normal trace of ® is well defined on I'p and T'y. Actually
fFD g ® - v dz needs to be understood in the sense of

/F g®-vdx=(D- V,§>W—1/sys(rp),wlfl/5’«5’(FD)'
D

Our main result here is the following

Theorem 2.1. For any 0 < p € L*(Q) , we have
p) = ppde— [ p"da}:=DP(p 2.19
N (@) =mac{ [ ppda— [ p*as} =D (9, (219)

where
Gy = {z eWh>(Q) : z=g onTp and |Vz(z)| < k(z) a.e. x € Q}

Moreover,

N(p) = min ___inf {T/Qk(x) |<I>(ac)|dm—7'/

x)®-vdx,, 2.20
pEKL T®EF (p—p) T'p g( ) } ( )

and, if p and p are optimal solutions of both problems N'(p) and Dg°(p) respectively,
then p € Gx, p € K1, p € Signt(p), a.e. in Q and

/Q(ﬁ —p)(p—&dx >0, forany & € Gu. (2.21)

Remark 2.2. The assumption (H1) gives a compatibility condition on g to ensure
that the set Gy is not empty. In particular, one sees that ¢, the solution of (2.7),
lives in Gy.

To prove Theorem 2.1, we use Von Neumann-Fan minimax theorem that we
remind below

Theorem 2.2 (Von Neumann-Fan minimax theorem, see for instance®).
Let X andY be Banach spaces. Let C C X be nonempty and convex, and let D C'Y
be nonempty, weakly compact and convex. Let g : X XY — R be convex with respect
to x € C and concave and upper-semicontinuous with respect to y € D, and weakly
continuous in y when restricted to D. Then

inf = inf .
ryneagzlgcg(x?y) ;gcgleagg(x,y)

Proof. [Proof of Theorem 2.1] Since p — p € L*(Q2), we know that F(p — p) # 0.
Moreover, since

N(p) = inf  inf {T/Q k(x) |<I>(a:)|dm—7-/

)P -vdx;, 2.22
pEKL T®EF (p—p) ' 9() } ( )
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by 20 | we get

N(p) = inf max {/(ﬁ —p)p dx} : (2.23)

pEK1 peGk

Using Von Neumann-Fan minimax theorem, by taking X = L*(Q), Y = W1 (Q),
g(p,p) = [(pp—p) da, for any (p,p) € X xY, C = Ky and D = Gy, we deduce that

N(p) :gggfpieﬂlgl {/(ﬁ—p)pdx} zglgagk({/ﬁpdx— /pJr dx}. (2.24)

Using L>®-weak™ compactness of K1 and L*-weak compactness of Gy, it is not diffi-
cult to see that

inf p— dx y = mi p— dz p . 2.25
plen;q?é%’f{/(p p)p fﬂ} prrel}cnlgéagf{/(p p)p :v} (2.25)
This gives (2.20). To prove the last part of the theorem, we see that a couple
(p,p) € K1 x Gy satisfies p € Sign™ (p) a.e. in Q and (2.21) if and only if

fggﬁpdx - fgp+ dzr = f(ﬁ - p)pdx = MaX¢eg, {f(ﬁ - p)fdx} . (226)

For the first implication, we see that by taking

p = argmin ¢, {ﬂbei}l(fﬁ—p) {T/Q k(z) |®(x)| dz — T/F g(x)®-v dx}}
D

D= argmaxpegk{/ ppdx — / pt dx},
Q Q

and

we have
D?(ﬁ)=/ﬁpdm—/fdxﬁ/(ﬁ—p)pdxﬁmax{/(ﬁ—p)pdx}=N(,5)-
Q Q PGk

So, using (2.19), we deduce (2.26) and then (p,7) satisfies (2.21) and p € Sign™ (p)
a.e. in Q. At last, the converse is a simple combination between (2.20), (2.26) and
the fact that

N(p) = D (p). .

Remark 2.3.

(1) Tt is known that the optimal flux in (2.20) is not reached for a Lebesgue vector
valued function @, in general. Indeed, since the structure of F, one expects the
optimal flux to be a Radon measure vector valued function ®. However, one
sees formally that, if (p, @) and p are solutions of both problems AV (p) and D(p)
respectively, then p € Sign™(p), a.e. in Q, ® - Vp =k |®| in Q and

T / ¢-Vidr = /(,5 —p)&de, forany¢e€ W;;/(Q) (2.27)
Q Q
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Yet, one needs to be careful with the treatment of ® - Vp, since ® is not regular
in general. Here one needs, to use the notion of tangential gradient of p (see
e.g., Ref. 6) to handle the related PDE.

(2) In connection with Evans-Gangbo formulation, the corresponding PDE may be
written as

p—1diviW)=p, W=mVp
m>0,p>0,0<p<1,plp—1)=0 in €, (2.28)

Vol <k, m(|Vp| —k) =0
subject to boundary condition
®-v=0 on(0,00) x Iy,
(2.29)
p=g on (0,00) x I'p.
See also, that using the relation between p and p, the equation in (2.28) may
be written as p — 7 div(pW) = 4.
(3) As a formal consequence of Theorem 2.1, under the assumptions (H1)-(H2),
the algorithm in Section 2.2 turns out in solving successively two PDEs, a
transport equation and a nonlinear second order equation. This enables also to

establish a continuous model in terms of nonlinear PDE. This is summarized
in the following items.

(a) The sequence p1/2,p1,. .-, Pks Pk41/25 Ph+1s- - - » Pn given by the algorithm in
Section 2.2 is characterized by: for each k =0,...,n — 1, we have

e Prediction: p; 1 = p(f;41), where p is the solution of the transport
equation :

Qip+div(pV) =0 in [tr, gy, (2.30)

with p(tx) = pk, V is a given vector field. For instance V = —Vp and ¢
is the solution of the eikonal equation (2.7).
e Correction: pjy; is a solution of the PDE

prrr — T div(ppyr W) = prg12, W =mVprp
m >0, prr1 >0, 0< pry1 <1, prgr(prer —1) =0 in ,
|Vprs1] <k, m(k = [Vprga]) =0

P-v=0 on 'y,

Pk+1 =9 on I'p.
(2.31)
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(b) Considering the application p, : [0,7) — L®(2) and p, : [0,T) — W1>°(Q)
given by
Pryy  foramy t € [ty tpq 1]
pr(t) = for k=0,1,...,n—1,
pe+1 forany t €[ty 1 o]
and
0 for any t € [ty )1 1]
pr(t) = for k=0,1,...,n—1,
prs1 forany t € [ty 1, tiq|
one expects that

e pr wpandpr »>pasT—0,
e the couple (p,p) satisfies the following evolution PDE

%eriv(p(V—W)):o, W =mVp
m>0,p>0,0<p<1,plp—1)=0 in (0,00) x Q. (2.32)

[Vl <k, m(|Vp| —k) =0
subject to boundary condition

®-v=0 on(0,00)xTy
(2.33)
p=yg on (0,00) x I'p.

(4) See that the patch W is null outside the congestion zone [p = 1].

(5) Tt is important to remark here the faux gap in the Neumann boundary condition.
Indeed, (V — W) - v is the intrinsic normal flux on I'y and not only W - v.
To resolve this apparent incompatibility, one needs to work with V' such that
V -v =0 on I'y. Otherwise, one needs to change the boundary condition in
the problem on T'y in the optimization problem (2.8) to handle the normal
flux coming from V (one can see for instance Ref. 28). Any way, for numerical
simulation, we work in the following section with V such V -v =0 on I'y.

(6) Remember here, that the main operator which governs the correction step in
this case, given by

=V - (mVp)=p
(2.34)
m >0, |Vp| <k, m(|Vp| —k) =0,

is well known in the study of sandpile (see Ref. 17 and the references therein).
The dynamic here is connected to a granular one. In other words the individuals
behaves like grains of sand (see Refs. 23 and also 29 for a stochastic microscopic
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description of the granular dynamic), in the congestion zone and not like a
standard fluid as follows from the quadratic case.

Remark 2.4. After all, the nonlinear PDE (2.32) is a new model we propose for
the description of dynamical population where the movement of the agent is of
granular type like in sandpile. In this paper, we are proposing its numerical study.
The theoretical study is a challenging problem for existence and uniqueness. This is
an open problem and will not be treated in this paper. Recall that, the case where
the PDE is of diffusive type the PDE is well used and studied. There is a huge
literature on this case, one can see the recent paper®’ and the references therein for
more details.

Remark 2.5. Our approach enables also to consider vector field V' depending on
the congestion. Indeed, it is possible to computed it just before the k—th prediction
step by taking the speedy path given the following eikonal equation

[Voll = H(px)  inQ,
(2.35)
p=0 on I'p,

where H is a given positive continuous function, the evolution problem (2.32) needs
to be coupled with the system

V=-Vyp in ©
IVell = Hp) o, (2.36)
=0 on I'p.

This is an interesting variant of Hugues model where the speedy path is computed
by taking into account the congestion of the crowd. Indeed, taking H a continuous
function such that H(p) takes instantaneously large value for positive p, enables
to avoid congestion zones. From theoretical point of view, the eikonal equation
turns out to be a well posed and stable problem since p and then H(p) are regular,
rather than p as in Hugues model. To improve the algorithm, we take in some
numerical computation f = f(p) in (2.7) to compute the spontaneous velocity field
V. The theoretical study of the corresponding evolution problem will be treated in
forthcoming works.

Remark 2.6 (Quadratic case). Before to end up this section let us summarize
here some formal results concerning the quadratic case (rigorous proofs may be
found in Ref. 28). The quadratic case corresponds to

F(e,€) = JJeP, for any (x,€) € 0 x B,

The infimum in (2.8) coincides with

max, {fp(a:) p(x)de — [p(z)de — gf |Vp(z)]?dx : pe HY(Q), p=gon FD}.
(2.37)
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Moreover, p and (p, ®) are solutions of both problems respectively, if and only if
(p, p, @) is a solution of the following PDE

p—1div(®)=p, ®=Vp
in Q,
p € Sign™ (p)
(2.38)
b vr=0 on 'y,
p=g onI'p.

In some sense, this implies that the quadratic case is closely connected to the system
(1.3) which was proposed by B. Maury et al., ** in the framework of gradient flows
in the Wasserstein space of probability measures. And, moreover, the correction
step corresponds simply to the time Euler-Implicit discretization for the diffusion
process in (1.3).

Remark 2.7.

Notice here that even though our approaches (based on minimum flow problem),
provide the same continuous dynamics (at least in the quadratic case) with gradient
flow in the Wasserstein space of probability measures, both approaches are not the
same at discrete level. While, the correction with this approach is recovered by a
projection with respect to Wy on the set {p € L>®(Q) : 0 < p <1 a.e. in 2}, our
approach provides the correction by solving an elliptic problem through a minimum
flow problem. As far as we know, these are not the same even though one can be
considered as an approximation of the other.

3. Numerical approximation
3.1. Formulation and discretization

As discussed in Section-2, the approximation of the density p is performed via a
prediction-correction strategy. The first step (prediction) consists in the resolution
of the continuity equation (2.6) which will be done using an Euler scheme for the
time discretization, whereas the term div(Vp) is discretized using finite volumes.
The second step (correction or projection) relies on a minimum flow problem which
will be solved using a primal dual algorithm (PD). To begin with, let us give details
concerning the discretization of the problems (2.6)-(2.8).

Domain discretization: In this section, we solve numerically (2.6) and (2.8)
on the domain €2 shown on Figure 1. This domain represents a room surrounded
by walls which we call I'y and has an exit door I'p. The domain is divided into a
set of m x n control volumes of length h and width equal to h. We denote by C; ;
the cell at the position (4, j) and by ¥, ; is the average value of the quantity ¥ on
Ci,j- At the interface of Cij, wiy1 5, w
quantities (see Figure-1).

i1 Wijrl and w1 are the in/out flow
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'y

J Wint =Yg visd I'p

I Exit Door

1 i m

Fig. 1. Discretization of the domain Q.

We define discrete divergence is defined by:

‘I)g#j -2, J (I)?Hi B q’?a‘—l
(div, @), ; = z A 2 2h =2, (3.1)

To take into account the Neumann boundary condition ®-v = 0 on I'y, we impose:

@ij:07f0r1§j§n,
1,
P! =0, if ((m+ %)h,jh) €Ty ,

m+3.5

° @?l:(),forlgigm,
3

o P2 =0,for1<i<m.

X 1 =
z,n—&-i

We can rewrite this in a more compact way

p i,

1
(div, ®);; = Dy®; ;. if (m + 5)h,jh) €T'p,

%07

1
(divy, ®)}; = DL ®! . if ((m + 5)hih) €T, (3.2)
(div, ®)7; = D*®

4,37

where the matrices D), D}, D? are recalled in Appendix-Appendix A. Then, we
define the discrete gradient operator as follows:

o 1 .
(vhp)i,] = -t D;p(@,j), lf((m + i)hajh) € FDa
N 1 .
(Vap)l; = =* Dhp(i.), if (m+ )h.jh) € Ty, (8:3)
(Vap)i; = ="' D?p(i,j).
This being said, one can easily check that div, = —V7.

Discretization of the transport equation (2.6) : We use a splitting method
as follows. Given a final time 7' > 0 and a timestep 7 > 0, we decompose the interval
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[0,T] into subintervals [tk,thr%] and [tk+%,tk+1], with k = 0,...,n — 1. On each
interval [ty, +%] we solve the following continuity equation

{5‘tp +div(Vp) =0

p(te) = p*71, (34

to obtain p’”%, where V = (V*,V¥) is the velocity field given by V = —VD, and
D being the distance (not necessary euclidean) to the boundary I'p given by the
eikonal equation (2.7) whose resolution is recalled in Appendix-Appendix B. Solving
(3.4) can be done by combining a finite difference method in the time variable
combined with a 2D finite volume method in the space variable. We approximate
the term div(Vp) in the cell C;j = [z;_1 ;@41 5] ¥ [y; 51,95 541] as follow:

(div(Vp))i; = s (A“P(‘/;+ ],pH_ J7—pf+%7]) Aul’(\/l_,ﬁpl_,]’—pf_%,j))

1 U k U k
+A7y(A p(V7 J+1,pz]+2 pwq.%) A p(Vlyj_lap %a_pi7j_%))7
(3.5)

where (div(Vp));,; the value of div(Vp) in the cell C; ;, (Ax, Ay) are the spatial
discretization, and

zyifx >0
zz if x <0.

AP (2, y, 2) = {

For the time disctization, we use the Euler explicit method to approximate the time
derivative of the density. The overall scheme can the be written as:
kt§ K
pz’] 2 — pi,j

T (Aup(er japz+ J7_p§+%’ ) Aup(v;ffyplffjv_pf,l’j))

u v k W Yy k _
Ay (A Vg Py —Pigey) =AWV _yobs _pm‘f%)) =0

4, —

1

where pi}ré is the average value of p in the cell C;; = [xl-f,j7 il j] X

[Yij—1+¥i 4 1] at time (K + )7, and p’.“_i_ i Vz+1 are the values of p and Vat the

interface ;1 ; at time k7 respectively. Slmllarly, (pF Vil )v (p§j+l"/;j+l)
5] T2 W

and (p* P Vifj_%) are the values, at time 7k, of (p ,V) at the interface z;_1 ;,
Yijri and Yij—1 respectively. Notice that in practice, we take Az = Ay = h,
where h is the mesh size introduced above. .

Using the upwind scheme we have and substituting in (3.6), the density pf’jé

can be written as (see also *%):
kel T
pz,] : pfj - E(Aup(vwfjﬂpljﬂpl-&-l ]) Aup(%i%yﬁﬂ?—l,jaP?,j))

3.7
AV phgphy) = APV ok k) 7
h ,LJ+17 1,70 Fi,j+1 i)jié)pl,‘]fl?pl,] .



November 3, 2023 21:33 WSPC/INSTRUCTION FILE cm Final

Prediction-Correction Pedestrian Flow by Means of Minimum Flow Problem 19

We consider that no flux is entering the room from the walls at I'y. This is

equivalent to impose p¥ , V*, = 0and p¥ VY | =0ati=1and j =
=3, t—3,] LI—3 BLIT3

1 respectively. The scheme (3.7) is conservative, stable under the CFL condition

[V]lsoF < &. This condition can be obtained using von Neumann stability analysis.

912 We summarize this in the following algorithm:

Algorithm 1. Prediction step
1st step. Initialization: Compute the velocity V' = (V*,V¥). Choose Az = Ay =

h and 7 such ||V« 7 < 3 and take a initial density given by pf’j at time kr.
2nd step. Update the density at time (k + %)7’ by

Piy” =Py — 3 ATV ol pig) = APV oo Pl)] .
T qu ko k w k k '
- E[A p(VZ/j+%aPi,jaPi,j+1) —A p(vfj,%api,j—lapi,j)]'

Notice that in the case where V,, > 0 and V,, > 0, (3.7) reduces to

k+3 k Ti k k Trk k
Pl =Py — E[pi,j‘/{i%,j - Pifl,jvf_%,j] - E[Pi,ijﬁ% - pi,jfl‘/iicj_%]. (3.9)

Since the obtained density p’”% may violate the constraint p < 1, the next step
is to handle congestion by solving the following minimum flow problem

inf {/ k(2)|®(z)|dz: —7 div(@):pk"'%—pimQ7 - v=0onTyand0<p<1s,
Q

(p,®)

(3.10)
where k > 0 is a continuous function and, for the simplicity of the presentation, we
take vanishing g.

Discretization of the minimum flow problem (3.10) : First, let us rewrite
(3.10) in the form

(D min A(p. @) + Le(A(p. @), (3.11)

where (we omit the variable 7 to lighten the notation)

A(p, @) = / Tk(2)|®(z)|dz + Ij0,4)(p), A(p,®)=p—7divd and B= ]I{
Q

prtE } ’
Here I stands for the indicator function of C' and is given by:

Io(a) = 0 ifaecC
A= +ooifa ¢ C.
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This problem can be efficiently solved by Chambolle-Pock’s primal-dual algorithm
(PD) (c.f.Ref. 7).

Based on the discrete gradient and divergence operators, we propose a discrete
version of (M) as follows

m—+1n+1

(M) : min {12 37 D7 ki1 + o (o) +Le(Au(o, ®))} (3.12)
’ i=1 j=1

where € = {(ai;) + aig=piy?, V(i.j) € [Lm] x [Lnl}, An(p.®) = p -
7divy, ® and k;; is the value of k in C; ;. In other words, the discrete version

(M), can be written as

or in a primal-dual form as

(miq)n) m;;iX.Ah(p, D) + (u, Ap(p, @) — By (p), (3.14)
P,
where
m+1n+1
An(p, @) = 12> ki jl|@i ]| + T 1) (p) and By, = L. (3.15)
i=1 j=1

Notice that in this case, (B.2) has a dual problem that reads

m n
. k‘-‘,—l
min  max h78 ST pi(olyt —pig) s [Vl Skig oo (3.16)
0<p<1p=0onTp i=1 j=1

Then (PD) algorithm® can be applied to (M), as follows:

Algorithm 2. (PD) iterations

1st step. Initialization: choose «,3 > 0, 6 € [0,1], po, ®° and take ug =
Ah(pov CI)O)v pO = pO
2nd step. For [ < Iter,,q, do
(P, @) = Proxga, (o', @) — BA; (D)) ;
Pt = Proxas; (p + abn(p't, @)
ﬁH_l — pH—l + e(pl-i-l _pl).

Recall here that the proximal operator is defined through

!
Prox,g(p) = argmln§||p —q||* + aE(q). (3.17)
q
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3.2. Computation of the proximal operators

See that for the functional A; and Bj can be computed explicitly. Indeed, the
functional A;, is separable in the variables p and ® :

An(p, ®) = Tjo.11(p) + | ]|

So, Prox;, 4, is the some of a projection in the first component and the so-called
soft-thresholding. Namely

(Proxu, (p, <I>))m. = (maX(O, min(1, p; j)), max(0,1 — M)tj)q)m) . (3.18)
As to B}, in order to compute Prox,s;, we make use of Moreau’s identity
p = Prox,z; (p) + aProx,-15, (p/a), (3.19)
and the fact that Prox,-15, (a,b) is given simply by the projection onto C. Conse-
quently,
(ProxaB; (p))i’j = (pi}j — aProje, | (pi’j/a)) .

Thus, the details of Algorithm 3 to solve (M), are as follow :

Algorithm 3. (PD) iterations for (M),

Initialization: Let [ = 0, choose «a, 3 > 0 such that a3||A||? < 1. Choose p°, ®°
and p® = p° = po.
Primal step:

1
(P @) = | max (0, min(1, pl ; — BpL ;) ), max (0,1 — ——————— ) (®! . — BV,EL . ) |-
2,7 2,7 ( 5] 5] ) ( |(I)é,j _ thp§7j|)( 5] ,J)
(3.20)

Dual step:

o = pl 4 apt ! — adivy (@),

3.21
pifjl = vﬁjl — aProje, . (vfjl/a), 1<i<m,1<j<n. ( )
Extragradient:
P = opitt _ pl.

It was shown in® that when # = 1 and afB|Ax||?> < 1, the sequence {(p', ®")}
converges to an optimal solution of (M),. So in practice, we choose & > 0 and
we take 3 = 1/(aK?), where K is an upper bound of ||A]|. More precisely, K =
VIVeI? + lidx|[? = ||An]|- The algorithm was implemented in Matlab and all the
numerical examples below were executed on a 2,6 GHz CPU running macOs High
Sierra system.
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Remark 3.1 (Non-homogeneous Neuman boundary condition : non null
n). In is not difficult to see that in the case of non null n, one can handle this
case by considering 7 as a source term on the boundary on I'y. To avoid numerical
computation for the correction we propose to handle the condition

—7 div(®) = ppy1/2 —pin D'(Q) and @ - v =7 on Iy.
as
—7 div(®) = ppr12+ 70— pin D'(Q\Tp).

In other words, at each iteration we take p' + 7 n instead of p! in the Algorithms
1-2.

4. Numerical simulations

In this section we present several examples to illustrate our approach *. We first
examine the scenario of evacuation of a population py from a the domain  C R?
via an exit I'p with different velocities. In the last two examples we compare our
approach to the one in Refs. 32, 33, the configuration in the first one is similar to the
previous ones, i.e., the crowed is initially located in a part of the room 2 and try to
escape through the doors, while in the second example the domain € is constituted
by two rooms connected by a ”bridge”. In all these examples, the velocity field V/
derives from a potential ¢ that is considered as the distance function to the door
I'p and is computed by solving the eikonal equation

{nwn - ) W

QD\FD = Oa

using the primal-dual method proposed in 2’ (see also ??), where f > 0 is a contin-
uous function that will be precised for each example. All the tests of this section are
performed with a mesh size h = 0.01 and a timestep 7 = 0.004. We can easily check
that this choice of parameters satisfies the CFL condition ||V % < 3. Moreover,
the corresponding velocities are displayed in red.

4.1. One room evacuation

In this first example (c.f. Figure-2), the initial density pg is given by po(x) = 15, (x)+
1g,(x) with S; = [0, 3] x [0, 5] and S = [0, ] x [%, 1]. The exit is given by I'p =
{1} x [0.4,0.6] and f =1.

2Demonstration videos are available at https://github.com/enhamza/crowd-motion


https://github.com/enhamza/crowd-motion
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Fig. 2. The crowed density p computed at 6 different timesteps with T'= 2 and f = 1.

In the second example (c.f.Figure-3), the initial density is the same as in
the previous example and I'p = ({1} x [0,0.4]) U ({1} x [0.9,1]) and f(x) =

o 3% ((@=3)*+y—1)%)
t=04 t=0.6
1 q 1 w_‘ 1
08 08 08
06 06 06
o3 04 04
02 02 02
0 (TS, 0 P—— 0
t=2 t=3
1 1 1
0.8 08 08
06 06 06
04 04 04
02 02 02
0 0 0

Fig. 3. The crowed density p computed at 6 different timesteps with 77 = 3 and f(x) =
e—3x((@=$)*+w—%)%)

In this example, the function f has a bump in the middle of the domain, and we
can observe in Figure-3 that the population is avoiding this region while heading
the doors.

In the third example (c.f.Figure-4), the initial condition for the density is
po(x) = 1g, (x) with S; = [0, 2]x[0,1] and I'p = ({1} x [0.2,0.3])U({1} x [0.7,0.8])
and f(x) = |cos(3z + 5y)| + 0.2. The source term is located on the entry of the
domain at I's = {0} x [0.3,0.6].

In this example one sees that the vector filed of spontaneous velocity has small
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02 & 02, % 02
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Fig. 4. The crowed density p computed at 6 different timesteps with "= 3 and f(x) = | cos(3z +
5y)| + 0.2.

values in successive (periodic) regions. This produce in turns successive congestion
zones. Moreover, the system reaches its equilibrium after £ = 2. One can notice that
no variation in the density is observed as the number of persons leaving the room
is equal to the number of person entering the room.

4.2. Homogeneous case vs quadratic case

As we pointed out in Subsection-2.3, in the case where F(z, &) = |£], our model is
connected to the gradient flow in the Wasserstein space equipped with W;. Whereas
the case F(z,£) = 1|¢|? can be related to the gradient flow in the Wasserstein space
equipped with the Wy distance (c.f. Refs. 32, 33), where decongestion is performed
using the Laplace operator as we discussed in Remark-2.6. The solution of the
continuity equation is computed first (prediction step), then it is projected onto
the set of admissible densities with respect to Wy-Wasserstein distance (correction
step). Using our approach, this can be simply solved by changing the functional Ay,
to Ap(p, ®) = Ijo,1)(p) + 1/2||®]|3 and modifying formula (3.18) using the fact that

1

-1 (4.2)

Proxe ). 3(®)

To observe differences between the two methods, we consider two examples. In the
first one (c.f. Figure-5), the initial density is po(x) = 1g, (x) with

Sy = o, %] % [0,1] and Tp = ({1} x [0,0.4]) U ({1} x [0.9,1]) .
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t=0.6
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Fig. 5. The distribution of crowd at equivalent timesteps with 7" = 2. Top row: result using our
approach. Bottom row: result using the Laplacian.

ller = pall ey

Fig. 6. Top: Variation of the average density over time for the two models at the exist doors.
Bottom: Variation of |[p1 — p2[|L (@) and ||p1 — p2|[L2(q) as a function of time for the two rooms
case. p1 is the solution obtained by our approach and p2 the solution obtained by the Laplacian
model.

Now, we consider a domain Q = [0, 1]? = Q; U, composed of two rooms linked
by a bridge in the spirit of *!, where ; = [0,0.4] x [0,1] and €, = [0.6,1] x [0, 1].
The initial density pg is located at the left room and is given by pp(x) = 1g(x) with
S =10,0.4] x [0,1] . The exit is given by the two end points (1,0) and (1,1), that
is Tp = {(1,0), (1,1)}.
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Fig. 7. The distribution of the crowd over the domain at equivalent timesteps. Top row: result
using our approach. Bottom row: result using the Laplacian.
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Time Time

Fig. 8. Top: Variation of the average density over time for the two models at the exist doors.
Bottom: Variation of ||p1 — p2||L () and [|p1 — p2|[12(q) as a function of time for the two rooms
case. p1 is the solution obtained by our approach and ps the solution obtained by the Laplacian
model.

Figures-5-7 provide a comparison between our method to and one using the
Laplace operator in equivalent timesteps. Overall, both models behave similarly
except that our model seems to perform faster evacuation. In most of the timesteps
examples, it is difficult to visualize differences in of the evolution of the crowd only
through the figures. Yet, we can observe this by measuring the L> and L? norms of
the obtained solutions as well as the variation of the average density over time for
the two models at the exist doors. Thanks to Figures-6-8, one can clearly notice that
our model is faster than the Laplacian model in achieving population evacuation,
as the blue curve (our model) remains under the red curve (Laplacian model) over
all the time period.

4.3. FEvacuation with path obstacles

In this section, we analyse the evacuation process in the presence of in-domain
obstacles. At the microscopic level, it was shown in®® that pedestrians might be
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blocked from exiting the room in case where no obstacle is placed in front of the
exist. The reason is that pedestrians start to push each other once near to the exist
blocking the continuation of the evacuation process. The authors®® have concluded
that placing an obstacle just in front of the exist regulates the evacuation and
avoids blocking of pedestrians. To observe the effect of placing an obstacle in front
in the exist on the fluidity and speed of the evacuation in the macroscopic case,
we consider the following example in = [0,1]? where the obstacle is placed at
the region [0.8,0.9] x [0.2,0.8]. The initial density po is located at the left room
and is given by po(x) = 1g(x) with S = [0,0.5] x [0,1] . The exit is given by

FD - 1 X 04,0.6 .
.‘
J J -

t=0.8 t=14 t=18
1 1 1
08 08 08
08 o8 08
04 04 04
02 02 02
o o o

Fig. 9. The distribution of the crowd over the domain at equivalent timesteps. Top: result in the
presence of an obstacle. Bottom: result without the obstacle.

As shown in Figure-9, we can notice that after t = 1.4, the room is completely
evacuated in absence of the obstacle in front of the exist. However, when considering
obstacle we can notice that the evacuation is partial and some pedestrian are stuck
in the room. In fact, placing an obstacle slowed down the evacuation.

In conclusion, this series of examples shows that the behavior of the crowd and
the evacuation time can be influenced by several factors such as the velocity field,
the position of the exits as well as the geometry and positions of possible obstacles.
Typically, the presented in Figure-9, adding an obstacle in the macroscopic case
just in front of the door for this type of velocity field and for the chosen initial
condition increased the evacuation time.

Appendix A. On the discrete operators

cm In this section, we recall some details concerning the discrete divergence and
gradient operators that were used in Section-3. First, let us recall that the space
X = R™*"™ ig equipped with a scalar product and an associated norm as follows:

(u,v)thZZui,jvi,j and  Ju|| = v/ {u,u),

i=1 j=1
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where h is a given mesh size. Following the definition of the discrete divergence
operator given in (3.1), the discrete gradient Vj, : X — Y = R(m+Dxn  Rmx(nt1)
is given by (Vpu);; = ((th)1 (Vhu)? ) where

4,57 J )
o 1., .
(Vhu)i; = =" Dyu(i,j), if (m+ §)h,3h) €I'p,
1
(Vaw)l; = =" Dyulij), i (m+ 3)h,jh) € Ty, (A1)
(th)?’j = -t DQu(Lj).
and the matrices D}, D2, D? are given by
0 1/h 0 - 0
0—1/h 1/h 0 - 0
1o o “imimo o 0
D=1 S :
0 0 .- 0 —1/hi/h
0 1/h 0 - 0
0—1/h 1/h 0 - 0
pl_ |0 0 —i/nimo o
0 0 0 —1/ho
and
0 1/h 0 - 0
0-1/h 1/h 0 - 0
pr_ |0 o —Uniyno -0
0 0 0 —1/mo

This being said, we check easily that —divy, and V;, are in duality. Moreover,
we recall the following

Proposition Al. (Refs. 7, 8) Under the above-mentioned definitions and nota-
tions, one has that

o The adjoint operator of Vy, is V; = —divy,.
e Its norm satisfies: |Vy||? = || divy ||* < 8/h%.

Appendix B. Discretization of the eikonal equation:

For a self-contained presentation, let us recall our main approach to compute the
velocity field V' by solving the eikonal equation (2.7). As pointed out in*? (see also
Ref. 20), the solution D of (2.7) can be obtained by solving

max {/ udx : |[Vu| < f, u=0on FD} (B.1)
Q

wEW 1. ()

which can be written, at a discrete level, as

miy Ap(u) + Bp(Viu), (B.2)
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where

Ay () = {—h2 Sy Yy uiy ifuij=0VY(,7) € Dy , and By = Ipo,
+00 otherwise '

(B.3)

where Dy = {(4,7) : (ih,jh) € Tp} the indexes whose spatial positions belong to
T'p and B(0, f) is the unit ball of radius f. Then we apply Algorithm-2 with the

functionals A;, and By, above.
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